This work proposes a methodology in open loop for driving a vehicle with electric traction in energy efficiency competitions. The optimal voltage is obtained by solving an optimal control problem that includes physical constraints and requirements of the competition. The vehicle model is related to the longitudinal dynamics and allow variable slope along the track. The influence of cornering is considered by means of a constraint on the maximum centripetal acceleration tolerated by the tire. The methodology transforms the optimal control problem in a nonlinear optimization problem. The methodology was applied to basic tracks and reveals solutions such as allowing velocity reduction during positive slopes and acceleration through the action of the weight force during negative slopes. The methodology was also applied to the conditions of an energy efficiency competition. The results suggest that both the design and driving strategy are very relevant to the energy consumption, but the procedure may not be easily converted into a set of driving rules, i.e., to ensure maximum energy efficiency, it is important to formulate and solve an optimal control problem.
Introduction
Energy efficiency has been pursued indirectly through the vehicle´s project optimization and the solution of optimal control problems, whose objective is to minimize the vehicle energy use during its driving.
The energy efficiency could also be increased by indirect solutions that involve a better mechanical performance. This type of optimization is performed, for instance, in [1] . These studies are important, but should be complemented by the optimization of the driving strategy.
In a hypothetical competition (all identical vehicles) where the objective is to classify the competency of each pilot, the piloting method is the competitive difference. In this work, an energy gain can be obtained by determining the optimal vector. For the Marathon Energy Efficiency, where the equipment is classified by minimum power consumption in the same conditions, the proposed optimal vector allows the reduction of energy, which is the competition goal.
The work in [2] proposes an evaluation approach to verify the energy efficiency on an electric vehicle during short routes by acquiring the driving parameters. It is argued that it is possible to form a database to guide the driver into a more efficient urban driving.
In [3] , the authors analyze an electric vehicle powered by a hydrogen fuel cell. The objective was to develop a driving strategy to maximize the distance traveled with a fixed amount of fuel while keeping an average speed. The adopted model is based on the longitudinal vehicle dynamics. The results were obtained by simulations evaluating the speed profile to map the engine performance and determine which driving strategy minimizes the energy consumption.
In the study proposed by [4] , a driving strategy for a solar vehicle was developed in order to minimize the lap time. The track used to obtain the trajectory and the speed profile had different slopes and curves, a typical scenario in an automobile competition. The problem was formulated as a nonlinear programming problem and solved with a native solver of the Matlab software.
In [5] , a methodology to optimize the lap time of a hybrid series competition vehicle (HEV) is presented. It uses an indirect approach of optimal control to determine the control inputs that minimize the lap time on a given trajectory, which satisfy the equations of motion and still meet the constraints, such as tire grip, maximum power and track width. As the final instant of the route is not known a priori, the authors show that it is convenient to formulate the problem in terms of the position on the track, instead of the time.
An optimum control solution on the driving strategy usually refers to determining the motion profile on a predetermined trajectory. Even though the trajectory and velocity profile can be optimized separately, it is expected that a simultaneous optimization achieve better solutions. In this work, only the optimal velocity profile for a given, predefined trajectory is considered, an approach similar to the one employed in [5] , for instance. We take the longitudinal dynamics into account and solve an optimal control problem to compute the speed associated to each track position.
Based on the cited discussion and on the basic research regarded to the energy efficiency in electric vehicles, there is an opening possibilities relate to the longitudinal models, mechanical parameters, vehicle driving parameters and the predetermined trajectories. Therefore, it is possible to pursue energy efficiency by minimizing the battery consumption in the same way. With this objective, in this work, we will evaluate the different driving formats. The optimal control problem of minimum energy consumption will be formulated for the model that represents the vehicle dynamics, the competition arena and the restrictions imposed by the rules of the competition.
Methods

Vehicle Model
The model considered reproduces the longitudinal dynamic of a competition vehicle, considering it as a lumped mass whose equation of motion is
where M is the vehicle mass, JM is the moment of inertia of the vehicle rotating parts, R is the motor armature resistance, r is the wheel radius, KM is the torque constant, f0 is the total rolling resistance force, f2 is the drag resistance coefficient, g is the gravity acceleration, α is the runway slope angle, and u is the voltage set by the accelerator.
Note that there are three types of forces acting on the vehicle. The exogenous forces correspond to the applied voltage u(t) and the runway slope α. The remaining forces are due to the aerodynamic drag force and to the back electromotive force produced by the electric motor. These forces increase with speed and have similar characteristics to the viscous forces.
It is noticed that the Coulomb friction forces, typically found in vehicles with more elaborate transmissions systems, were disregarded here and all contributions were restricted to the rolling resistance and aerodynamic forces. From the numerical values suggested in [7] , we obtain the rolling resistance force as
and the drag force as 2 2 0.0408
The NBR 10312 standard states that, in case of inability to precisely determine the equivalent mass due to the rotating elements, it is estimated as an increase of 3% in the whole vehicle mass. Including this increase in the vehicle's equivalent mass, the adopted parameters result as 
1.02
Optimal Control Formulation
For the optimal control problem formulation, the model was represented in the state space by
where . The optimal control problem is formulated as a minimization problem of the total energy delivered to the electric motor along one lap (Equation 12), whose constraints include the dynamic model in the state space, (Equations (13) and (14)), the bounds on variables imposed by the race organization (Equation (16)), the limits on the voltage (Equation (17)) and current (Equation (18)) of the electric motor, the maximum speed without side slip (Equations (19)) and the boundary conditions (Equations The slope α of the track appears explicitly in the dynamic constraint given by Equation (14). The constraints given by Equation (16) requires that the average speed at the end of a lap must be within the limits imposed by the race regulations. The constraints given by Equations (17) and (18) reflect the electric motor limits. Equation (19) imposes the maximum speed of the vehicle, which is a function of the track curvature radius ρ. The maximum speed is determined by the maximum normal acceleration tolerated before there is side slip. The normal acceleration is 
which means vMAX is a function of the curvature radius and of the slope angle. The expression (29) for the maximum speed is an approximation that is valid if the rate of change of the track slope angle is low. The optimal control problem was coded using the optimal control package PROPT (tomopt.com), which automates the conversion of the optimal control problem into a parametric optimization problem using direct collocation, and solved using the large-scale optimization package SNOPT (tomopt.com). The optimal control problem was solved using 150 nodes.
The optimal energy consumption is compared to the energy spent to perform a lap at a constant speed of 15 km/h, the limit imposed by the competition. It is expected that the optimized consumption be less than or equal to the consumption at constant speed.
Results and Discussion
For simple tracks, an analysis of the optimal control solution can be made in order to infer about cause and effect related to the driving pattern, but, for more complex tracks, involving curves with different curvature radii and slopes, it may not be easy to establish these relationships. This is because the minimum of the objective functions of each section of the track does not necessarily imply the minimum of the objective function for the entire track.
In this study, the optimal control problem is formulated for the track of the Ayrton Senna's Kart Circuit and with the constraints imposed by the Energy Efficiency Marathon. Duarte [8] made the demarcation of the track in intervals of 20 m from the starting point, Fig. 1 .
The track discretization every 20 m was chosen to allow representing all the track curves by at least 3 points which enables keep the information of their curvature approximately. In the solution of the optimization problem the curvature of the trajectory is reconstructed through an interpolation function that allows the solution to have a different discretization.
As a result, he obtained 40 marks. Since the race track is 804 m long, it was considered that this small difference of 4 m is a modelling error equally distributed across all sections. Fig. 1 Ayrton Senna´s Kart Circuit.
To determine the slope angles of each track section, Duarte [8] used a topographic method and performed the measurements using a theodolite. The results obtained with the PROPT optimal control package are illustrated in Fig.  2 and 3 . Fig. 2 Electrical variables.
Fig. 3 Kinematic variables
It can be noticed by the velocity plot (Fig. 2) that the optimal solution involves keeping the vehicle approximately at a constant speed throughout the whole track, which corresponds, approximately, to the speed limit imposed by the smallest radius curves. There are, however, sections in which the speed profile deviates from this general pattern. It is interesting to notice that the speed profile is in part determined by the slopes. In positive slopes (upwards) the vehicle tended to slow down while the opposite tended to occur in negative slopes (downward). For instance, the vehicle speeded up in the periods between 80 and 90 s and 160 and 165 s, as a result of the declivity. In both occasions, the power supplied by the engine could be relatively small.
Although the speed has remained almost constant between 80 and 130s, a transient actuation on the voltage armature was necessary, possibly to compensate the intense simultaneous variation of the radius of curvature and slope, in this section. In the period between 160 and 190 s, the larger speed seems to have the sole purpose of meeting the imposed minimum average speed at the end of the track.
It is difficult to extract from the optimum solution any driving heuristics recommendation other than letting the vehicle speed up when driving downhill and slow down when driving uphill. Note, for example, what happens over the last two linear sections. In one of them, the power suffers a sharp decrease to virtually zero, whereas on the other section, power is increased almost linearly to the largest power value throughout the movement on the track.
It is important to emphasize that the solution obtained with the proposed methodology is an open loop control and no correction is applied if the driver action is not the one expected. If this occurs, the optimal control problem must be solved again from that point.
Conclusion
In this study, we proposed investigating the driving strategy in energy efficiency competitions by generating optimal vehicle speed profiles for a given track trajectory.
The problem was formulated as an optimal control problem to minimize energy consumption, including the physical constraints and the requirements of the race regulation. We used a simplified dynamic model that captures only the longitudinal dynamics of movement according to the runway slope, but curves were also analyzed indirectly by adding a constraint to the problem that reflects the maximum normal acceleration that prevents the tire from slipping laterally. The parameters value of the model was based on the Jarvis Mark II energy competition vehicle of FATEC-Santo Andre.
The proposed methodology was applied to the conditions of a real track competition with the restrictions of the University Marathon Energy Efficiency. The track used is the Ayrton Senna´s kart lane, in Sao Paulo, which has been discretized in 40 sections, to each one of which a radius and slope angle was attributed. The resulting optimal control problem was transformed into a nonlinear discrete parametric optimization problem and solved using commercial tools, PROPT and SNOPT, respectively.
The optimal solution has shown a vehicle tendency to slowdown when driving uphill and speed up when driving downhill, which is intuitive and could be used as a guideline to the drivers. Apart from this, the optimal patterns are not intuitive or easily translated into heuristic rules. This evidences that to ensure the maximum energy efficiency, it is important to formulate and solve an optimal control problem for each track. 
